We i n troduce a class of distribution-valued stochastic processes that arise in the study of pulse re ection from random media and we analyze their asymptotic properties when they are scaled in a natural way.
Introduction
Wave propagation in random media leads to many i n teresting and di cult problems in stochastic processes and di erential equations. Several such problems arose in the study of pulse re ection from randomly layered media 4,2,15,10 . In this paper we give a more detailed mathematical analysis of the basic limit theorem used in 4 in the framework of re ected signal functionals introduced there. A comprehensive review of our work is given in 1 .
In section 2 we formulate the acoustic pulse re ection problem for normally incident plane waves on a randomly layered half space and show h o w the study of the quantities of physical interest leads to the asymptotic analysis of a class of distribution-valued stochastic process, the re ection functionals of 4 . In section 3 these processes are considered in more detail and their asymptotic limit is analyzed in section 4 using a martingale formulation. The main technical issue in our analysis is the unique characterization and representation of the limit process. This is done partly by a duality argument that is useful in many other contexts in pulse re ection. The duality is de ned and analyzed in section 6. The uniqueness of the limit process is given in section 5. The representation of the functional process is given in section 7.
The next step is to get limit theorems for a more general class of re ected signal functionals, the unsmoothed or localized functionals 4 , which lead to more complex limit processes. They play an important role in the statistical inverse problems associated with pulse re ection 15 .
Formulation
We are interested in acoustic waves re ected by an one dimensional random medium. The physical problem and its scaling are discussed at length elsewhere 4 . We begin here with the mathematical problem in scaled and dimensionless form. The acoustic equations for the velocity ut; The uctuations y and y are given stationary, mean zero stochastic processes with values in some interval , ; with 1 so that and c in 2.2,2.3 do not change sign. In the homogeneous half space x 0 the uctuations are zero. The parameter " 0 is the ratio of a typical microscopic to a macroscopic length scale and is assumed to be small so that the uctuations are rapidly varying.
Note that we do not assume that they are small. To simplify the analysis we will assume that y and y are mean zero, stationary Markov processes with strong ergodic properties although it is which is the Fourier transform of 2.14. It is to be solved in some interval ,L 0 witĥ R,L; ! speci ed. Here L is a positive constant which represents the width of a layer of random medium in terms of travel time. The solution of 2.17 at = 0 ;R0; ! ; is the re ection coe cient at frequency ! of the layer ,L 0 whenR is speci ed at = ,L:
The re ected amplitude At; 0; t 0 is given by 2.14a or, using Heref! is the Fourier transform of the incident pulse shape f in 2.12. Note that in 2.18, R0; ! depends on the layer width 1 L and the value ofR at = ,L: However, because of the hyperbolic nature of 2.11-2.12, for any t xed, 0 t 1; the re ected process At; 0 does not depend on L orR,L; ! i f L is su ciently large, for example L t = 21 , , as we noted below 2.14a. In that case we can use 2.18 to represent the re ected process whereR0; ! i s the solution of 2.17 with any given initial condition at = ,L, for exampleR,L; ! = 0. The hyperbolic nature of the initial-boundary value problem 2.11-2.12, and the nite propagation speed in particular, imply that the re ected signal observed at the interface = 0 or x = 0 at time 1 In travel time units. The local power spectral density is smoothed by both the pulse shape function f and by the window function g:Formally, a s " tends to zero we m a y write jA g t; !j From the above considerations we conclude that the quantity o f i n terest to us is Z e ihtR 0; ! , "h 2 R 0; ! + "h The last term in 4.17 can be made small uniformly in " by c hoosing small. This follows from the periodic or almost periodic in general dependence of H 1 and H 2 on l = =": In this way w e h a ve a sequence of test function F " q;W ; such that 4.10 holds and F " ! FW a s " ! 0: We can now pass to the limit in the martingale 4.9. A subsequence of the measures P " converges weakly to a measure P and the functionals converge strongly by the above construction so that in the limit " ! 0, the functional The blowup time T 1 of the random walk N ; M generated by D in 6.4 is in nite with probability one. There are many w ays to prove this simple fact. We will give a proof based on a duality argument that we will introduce rst. To motivate this duality recall that we are attempting to characterize the limit law of the process W NM de ned formally by 3.12 and rigorously by 3.15. Now the re ection coe cientR is a complex number of modulus less than or equal to one so it can be represented in the formR The subscripts C and D on stand for discrete and continuous, respectively. Now the di usion generator 6.12 generates a process ; on the hyperbolic disc and it is easily shown that this process has two simple properties as ! 1 : First, ! 1 with probability one and this can be seen from the Ito stochastic equation for d = coth d + p 2 db that comes from 6.9. Here b is the standard one dimensional Brownian motion. The positive drift in this equation tends asymptotically to a constant and this gives the result ,1 ! with probability one as ! 1 . A general class of asymptotic results like this are given in 7 . Second, is asymptotically independent from and for any n = 0 ; 1; 2; . . . 6:31
The function should be replaced by a unit step function in 6.31 and then the distribution derivative with respect to t of this expression is the distribution solution of 6.30.
We will end this section with two important observations that follow easily from the probabilistic representation 6.31 and the duality 6.22. If N 1 i n ,L 0 then t0 will be negative and the delta function in 6.34 will not play a role for larger L: So the paths with N 1 will not contribute to the expectation 6.34. If N = 0 for some in ,L; 0 then it will remain zero for all subsequent and hence N 0 = 0 :
Only such e v ents contribute to 6.34 so for L t = 2 and N 1 w N 0; t ; ! = 2 E N f t0g which is manifestly independent o f :
The two observations about w NM that we made above and proved using duality translate to similar observations for the solution 6.2',6.3' of the adjoint equation via the identity 6.28.
At this point w e m a y ask if it is possible to represent the solution of w NM by a dual formula.
We h a ve of course the representation 6.31. Does there exist then some more complicated process similar to ; for which some form of 6. 
Representation of the W process
In the previous section we s a w h o w the measure P for which 5.1 and 5.2 are martingales is uniquely determined and identi ed on linear and multilinear functionals of the process. In fact the expectation of W, w = E P fWg, is the unique solution of 6.30 in S 0 H ; for any limit law P: We will now use the martingale 5. We thank the referee for carefully reading the paper and for pointing out an error in the uniqueness proof. The work of of the authors was supported by the National Science Foundation under Grants DMS-8701895 and DMS-90003227.
